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1 Introduction 


In this paper, we study semiconcavity of viscosity solutions of integro-differential equations of 
the type 

G{x,u,Du,D‘^u,I[x,u]) = t) in M"', (1.1) 

where is an n-dimensional Euclidean space and I[x, u] is a Levy-Ito operator. The function 
u is real-valued and the Levy-Ito operator I has the form 

I[x,u\:= / [u{x + j{x,f))-u{x)-lBi(o){ODu{x)-j{x,^)]g{dO, 


where 1 bi(o) denotes the indicator function of the unit ball Hi( 0 ), j{x,^) is a function that 
determines the size of the jumps for the diffusion related to the operator /, and /r is a Levy 
measure. The Levy measure g is a Borel measure on M”' \ {0} satisfying 



< -hoo. 


( 1 . 2 ) 


where p : M”\{0} —>• M"*" is a Borel measurable, locally bounded function satisfying lim^^o p{G} = 
0 and inf^g 5 c(o) p{C) > 0 for any r > 0. We extend g io a measure on M”' by setting /r({0}) = 0. 
Our assumption on g implies that g{B^(0)) < -|-oo for any r > 0. The nonlinearity G : 
M” X M X M"" X S” X M —)• M is a continuous function which is coercive, i.e., there is a positive 
constant 7 such that, for any x,p ^ M”', r > s, X £ S”, I G R, 


7 (r - s) < G{x,r,p,X,l) - G{x, s,p, X,l), 


(1.3) 
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and degenerate elliptic in a sense that, for any G M”, r, Zi, ^2 G K, ^ G S” 

G{x,r,p,X,li) < G{x,r,p,Y,l 2 ) ifX>Y,li>l 2 . (1.4) 

Here §"■ is the set of symmetric n x n matrices equipped with its usual order. We will also be 
interested in equations of Bellman type 

sup {—Tr[aa{x)a'^{x)D‘^u{x))—Ia[x,u]+ba{x)-Du{x)+Co,{x)u{x)+fa{x)] =0, in M”, (1.5) 
a&A 

where cJq, : M"' ^ 6 q: : M” ^ M", Cq : —)• M, /„ : M” —)• M are continuous functions, 

Ia[x,u] = / [u(x + j„(x, 0 ) - u{x) - lB^( 0 )iODu{x) ■ jo^ix, ^)]p{d^) and c„ > 7 > 0 in M". 

JR” 

The proof of semiconcavity of viscosity solutions is done in two steps. We first prove Lipschitz 
continuity of viscosity solutions. We then adapt to the nonlocal case the approach from [mile] 
for obtaining semiconcavity of viscosity solutions of elliptic partial differential equations. In 
recent years, regularity theory of viscosity solutions of integro-differential equations has been 
studied by many authors under different types of ellipticity assumptions. It is impossible for 
us to make a complete review of all the related literature. However, the following are what we 
have in mind. Regularity results were initiated by assuming nondegenerate ellipticity of second 
order terms such as ia[ia[l5l[271[28l|29l[3ni[3ll[3ll[33] for both elliptic and parabolic integro- 
differential equations. More recently, striking regularity results were obtained under uniform 
ellipticity assumption for nonlocal terms. This assumption, introduced by L. A. Caffareli and L. 
Silvestre, is defined using nonlocal Pucci operators. Several Holder, and Shauder estimates 
for nonlocal fully nonlinear equations were obtained by various authors m El El El m Em EQi 
[ 22 I [Ml [35l [36] under this uniform ellipticity assumption. The other notion of uniform ellipticity 
was defined by G. Barles, E. Chasseigne and C. Imbert. It requires either nondegeneracy of the 
nonlocal terms, or nondegeneracy of nonlocal terms in some directions and nondegeneracy of 
second order terms in the complementary directions. It was used to obtain Holder and Lipschitz 
continuity for a class of mixed integro-differential equations, see mm- 

In Section 3, we study Holder and Lipschitz continuity of viscosity solutions for (II.Ih and 
equations of Bellman-Issacs type, i.e., 

sup inf {-Tr{aapix)a'^p{x)D^u{x))-Iai3[x,u]+bai3{x)-Du{x)+Ca(six)u{x)+fai3{x)} = 0 , in M" 

( 1 . 6 ) 

where Iai3[x,u] = J^r^[u{x + jai3{x,0) - u{x) - lBi{o)iODu{x) ■ jai3{x,^)]pid^) and 

Ca /3 > 7 > 0 in M"'. (1.7) 

Our Holder and Lipschitz continuity results are different from these of EUaES] since we allow 
both the nonlocal terms and the second order terms to be degenerate. However, to compensate 
for degeneracy, we need to assume that the constant 7 appearing in (II.3p and (|1.7p is sufficiently 
large. The reader can consult [18] for continuous dependence and continuity estimates for 
viscosity solutions of nonlinear degenerate parabolic integro-differential equations. 

Having the Lipschitz continuity results, in section 4 we derive the main results of this 
manuscript, i.e., semiconcavity of viscosity solutions of equations (II.Ij) and (|1.5h . To our knowl¬ 
edge, the only available results in this direction are about semiconcavity of viscosity solutions 
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of time dependent integro-differential equations of Hamilton-Jacobi-Bellman (HJB) type whose 
proofs are based on probabilistic arguments. In [2T], the authors proved joint time-space semi¬ 
concavity of viscosity solutions of time dependent integro-differential equations of HJB type with 
terminal condition, using a representation formula based on forward and backward stochastic 
differential equations. However, the proof there depended on a restrictive assumption that the 
Levy measure ^ is finite. In another paper [12], it was shown that the value function of an 
abstract infinite dimensional optimal control problem is rc-semiconcave, if the data in the state 
evolution equation are and the data in the cost functional are rc-semiconcave. The method 
was then applied to the finite dimensional Euclidean space providing semiconcavity result for 
the value function of a stochastic optimal control problem associated with a time dependent 
version of (11.51) . Our result for (|1.5p extends results of [T2| to the time independent case and 
provide a different purely analytical approach. The result for (jl.ip is totally new since the 
solution may not have an explicit probabilistic representation formula and thus the analytical 
proof seems to be the only available method. Finally we remark that regarding semiconcavity of 
viscosity solutions of PDEs of HJB type, in addition to the already mentioned analytical proofs 
of [iTl [16], other proofs by probabilistic methods can be found in [TS] [23] [24] ES] [26] [37]. 


2 Notation and Definitions 


We will write Bs{x) for the open ball centered at x with radius <5 > 0, USCiW^) {LSC{W^)) 
for the space of upper (lower) semi-continuous functions in M"" and for the space of 

bounded and uniformly continuous functions in M”. If II' is an open set, for each non-negative 
integer k and 0 < a < 1, we denote by (C'^’“(li')) the subspace of (C^(li')) 

consisting functions whose /cth partial derivatives are locally (uniformly) a-Holder continuous 
in U'. We will use the standard notation 


\u\ 


/c,a;Q' * 


sup 

^x^y^\j\=k 


\d^u{x) — d^u{y)\ 
|x-y|“ 


if 0 < a < 1, 


and 

\u\k-Q' ■■= sup \d^u{x)\, 

x&Q,' ,\j\=k 

where j = (ji, j 2 , • • • , jn) G N”, \j\ := ji + J2 + • • • + jn and d^u := 

any 1 < 0' < 2 and any convex open set II", we say a set of functions {fa}a£A is uniformly 
0'-semiconvex with constant C in H" if, for any x,y £ II", a £ A, 

2/a(^^) - faix) - faiy) < C\x - yf. 

We say a set of functions {fa}a£A is uniformly 0'-semiconcave with constant C in H" if {—fa}a£A 
is uniformly 0'-semiconvex with constant C in H". If the set ^ is a unit set, i.e., A = {ao}; then 
we just simply say that fa^ is 0'-semiconvex (0'-semiconcave) in H". 

We then recall the definition of a viscosity solution of (|l.ll) . In order to do it, we introduce 
two associated operators and 


I^’^[x,p,u]= / 

[u{x + j{xA)) - u{x) 

- ^Br(p){€)P ■ j{X: 

A)]p-{di) 



l'^’^[x,p,u]= [ 

[u{x + j{xA)) - u{x) 

- '^Br{0){€)P ■ j{X: 

A)]p{dO 
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Definition 2.1. A bounded function u G USC{W^) is a viscosity subsolution of if whenever 
u — If has a maximum over Bs{x) at x £ for a test function ip G C‘^{Bs{x)), 6 > 0, then 

G{x, u{x), D(p{x),D'^(p{x),I^’^[x, Dip{x),ip] + I^'^[x, D(p{x),ufj < 0. 

A bounded function u G LSCfMA) is a viscosity supersolution of itl.ll) if whenever u — ip has a 
minimum over Bs{x) at x £ M” for a test function ip £ C'^{Bs{x)), (5 > 0, then 

G[x, u{x), Dip{x),D‘^ip{x),I^’^[x, D(p{x),ip] + Dip{x),u]) > 0. 

A function u is a viscosity solution of fnp if it is both a viscosity subsolution and viscosity 
supersolution of ([up. 


3 Holder and Lipschitz continuity 

In this section we prove the Holder and Lipschitz continuity of viscosity solutions of (ll.ip and 
m- We start with equation m- We make the following assumptions on the nonlinearity G 
and the function j{x,f,). 


(HI) There are a constant 0 < 0 < 1, a non-negative constant A and two positive constants 
Cl, (72 such that, for any x,y £ M”, r, lx, ly £ W, X,Y £ §"■ and L,t] > 0, we have 

G{y, r, Le\x - yf~^{x - y),Y, ly) - G{x, r, Le\x - yf~'^{x - y) + 2r]x, X, G) 

Y Aifx — ly) + Ci(l -|- L)|x — yf Y C2f/(1 + 


if 


a: 0 

0 -Y 


< L\x — yf ^ 



{H2) For any x,y £ M"', we have 


\j{x,0 -j{y,C)\ < \x-y\p{0 for C gM”, 


|j(0,OI<KO forCeMT 

The following lemma is a nonlocal version of the Jensen-Ishii lemma we borrow from |19] . 
Theorem 4.9. The reader can consult [3] for a more general Jensen-Ishii lemma for integro- 
differential eqations, which allows for arbitrary growth of solutions at infinity. Before giving the 
lemma, we notice that our Definition 12.11 corresponds to the alternative definition of a viscosity 
solution in m, see Lemma 4.8. 

Lemma 3.1. Suppose that the nonlinearity G in ffdP is continuous and satisfies ([L2P-([Llp. Let 
u, V be bounded functions and be respectively a viscosity subsolution and a viscosity supersolution 
of 

G{x,u, Du, D‘^u, I[x,u]) = 0 and G{x,v, Dv, D'^v, I[x,v]) = 0 mM”. 

Let £ C^(M^"') and {x,y) £ M"' x M" be such that 


(x, y) u{x) - v{y) - f;{x, y) 
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has a global maximum at {x,y). Furthermore, assume that in a neighborhood of {x,y) there are 
continuous functions go : —)■ R, 51 : R”' —>■ S”' with go{x,y) > 0 , satisfying 


D‘^il){x,y) < go{x,y) 


I -I 


+ 


gi{x) 0 
0 0 


-I I 

Then, for any 0 < (^ < 1 and eo > 0, there are X,Y G S” satisfying 


X 0 
0 -Y 


gi{x) 0 
0 0 


< (1 + eo)go{x,y) 


I -I 
-I I 


such that 

G{x, u{x),D,,if{x, y),X, I^'^[x, D,^if{x, y),ip{-,y)] + l‘^'^[x, D,^f;(x, y),u{-)]) < 0, 

G{y, v{y), -Dyifix, y), Y, I^'^ly, -Dyijj{x, y), -ip{x, •)] + I'^’^iy, -Dy-ipix, y),v{-)]) > 0. 

Remark 3.1. The statement of Lemma 13.11 is weaker than Theorem 4.9 in By Theorem 
4.9 in m, the same result as Lemma o is also true for Bellman-Isaacs equations m- 

Lemma 3.2. Suppose that a Levy measure y satisfies m and j{x,e) satisfies assumption 
(H2). Then we have 


Ml : = sup ||x - y| ® / 
x^y ^ Jw 


\x-y + j{x,e] -j{y,f)f - \x-y\^ 


Proof. We first define 
By calculation, we have 


- yf “^{x-y) ■ {j{x,i) - j{y,e)) <+oo- 

(j){x,y) = lx - yf. 


D(j){x,y) = 6 l|x - y\ 


e -2 I x-y 
y-x 


(3.1) 

(3.2) 

(3.3) 


D^(j){x,y) = e\x - yf ^ 
< 6l|x - yf~'^ 


I -I 
-I I 

I -I 
-I I 


+ e{e-2)\x-yf 


g_4 ( x-y 
y-x 


x-y 

y-x 


(3.4) 


Since lim^^o p{f) = 0, there exists a positive constant (5i < 1 such that sup^g^^ (g) piff) < By 
(|1.2I1 . (13.311 . (I3.4jl and {H2), we have, for any x, y G R” and x ^ y 


X — 


yr [ 

jR' 


\x-y + j{x,f,) -jiy,0f - \x-yf 


-lBi(o)( 0 ^k- 2 /l ^{x-y) ■ {j{x,f) - j{y,0)\p{dO 
<\x-y\~^e [ ( sup \x-y + t{j{x,f,)-j{y,C))f~'^\j{x,f,)-j{y,f,)\‘^)fi{d^) 


+|x - y\ 


-e 


(0) 
10-2 


\x-y + j{x,e) -j(y,OI^ - \x-y\^ 


-lBi(o)(0^k-2/l ‘^{x-y)-{j{x,e)-j{y,i)) y{di) 


< 2 


p(0V(c^0+ / p{Cfp{dC) + d [ p{f,)n{df,) <+00. (3.5) 

4 B 5 i( 0 ) ./R"\Sa^( 0 ) J Bi{0)\Bs^(0) 
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□ 


Theorem 3.1. Suppose that the nonlinearity G in (dip is continuous, and satisfies 

and (HI). Suppose that j{x,fi) satisfies assumption (H2). Then, if u € BUCiW^) is a viscosity 

solution of (dip and 7 > AMi + Ci where Mi is defined in <t3.1l) . we have u € 

Proof. Let ^{x,y) = u{x) — u{y) — ijj{x,y) where ijj{x,y) = L<f>{x,y) + r/lxp and (j){x,y) is 
defined in ()3.2[) . We want to prove, for any 7 > 0, we have ^{x,y) < 0 for all x,y £ 
and some fixed sufficiently large L. Otherwise, there exists a positive constant 70 such that 
suPa;,yeiR" > 0 if 0 < 7 < ? 7 o- By boundedness of u, there is a point {x,y) such that 

^{x,y) = supj, yg]gn ^{x,y) > 0. Therefore, we have 

max{? 7 |xp, L|x — yf} < u{x) — u{y). (3-6) 

By (13.311 and (13.41) . we obtain 

D‘^il){x,y) <eL\x-yf-‘^ l^+2r](^^ 

By Lemma [H since u G BUCfET) is a viscosity solution of (11.11) . for any 0 < (i < 1 and cq > 0, 
there are X,Y G S” satisfying 

(0 -r) - 2’' (0 0 ) ^ - SI"" ( -/ ■/) > 

such that 

G(x, u(x),LD:j;fi(x, y) + 2yx, X, ifi) < 0, 
G{y,u{y),-LDy(l){x,y),Y,l^) >0, 

where 

k = I^’^[x, LD,,(l){x, y) + 2r]x, Lcj){-, y)+y\- p] + l‘^’^[x, LD,^(l){x, y) + 2r]x, «(•)], 
ly = -LDyfiix, y), -L(j){x, •)] + -LDy(j){x, y),u{-)]. 

Thus, by (jl.3p . (13.6p and (HI), we have 
7 L|x - yf < 7 (m(x) - u{y)) 

< G{y, u{y), -LDycfix, y),Y, l^) - G{x, u{y), y) + 2yx, X, h) 

^ ~ ^y) Y Gi{l L)\x — y\^ + 027(1 + I^P). (3.8) 


Now we focus on estimating the integral term l^ — h. Thus, 


^y A 


iBsiO) L 


\x-y + j{x,0\^-\x-y\^-e\x-yf “^{x - y) ■ j{x,fi) y{dfi) 


+L 


L 


\y-x+j{y,f)\^-\y-x\^-e\y-x\^ '^{y - x) ■ j{y,f) y{d^) 


Bs(0) L 


Jb {\x + j{x,f)\^ - \x\^ - 2x ■ j{x,i)^y{di) 


+ 


L 


B|(0) L 


uix + j{x,f)) - u{x) - u{y + j{y,f,)) + u{y) 


-'^Bi{o)iO{&Mx - yf ^{x-y)) ■ (j(x,0 -jiy,0) “ '^Bi{o)iO‘^VX ■ j{x,f,) y{d^). 
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Since attains a global maximum at {x,y), we have, for any ^ G M”, 

u{x+j{x,^)) - u{x) - u{y + j{y,^)) + u{y) 

< l(^\x - y + j{x,^) - j{y,Of - \x-yf'^ + v{\x + jix,0\‘^ - 1 ^ 1 ^) ■ 

Thus, by (I3.4p and (I3.9|) . we have 


(3.9) 


0Ij 


sup \x -y + tj{x,^)\^ ^\j{x,0\'^+ sup \y-x + tj{y,()f ^|j(y, 
'Bs{ 0 ) ^0<i<l 0<t<l ^ 


+V [ (\x + j{x,^)\‘^ - Ixl"^ - ■ j{x,o)n{d() 

JR" ^ ^ 

+L [ \\x - y + jix,C) - j{y,()\^ - \x - y\^ 

Jbho) l 

-1bi(o)(O^I®-- y) • -j{y,0) y-{dCj- 


(3.10) 


We claim that rylxp —>• 0 as r/ —)• 0. Since u is bounded in M”, for any positive integer k, let 
(xk^Uk) be a point such that 

u{xk) - u{yk) - L(p{xk,yk) > M - 

where M := sup^, yg]j|n{u(x) — u{y) — L(j){x,y)} < +oo. Thus, 

M - i - y\xk\^ < $(xfc,yfc) < ^{x,y) < M. (3.11) 

Letting 77 —)• 0 and then letting k —)• +00 in (|3.11l) . we have lim^^o ‘h(x,y) = M. If we notice 
that 

<I>(x, y) + rj\x\'^ = u(x) — u(y) — L(p{x, y) < M, V77 > 0, 
the claim follows. Since u G BUC{M.'^) and ()3.6p holds, we have 

ei <\x -y\ < 

where ei is a positive constant independent of 77. Letting 5 —)• 0 and then letting 77 —>• 0 in (13.81) . 
we have, by pi.21) . p3.10l) and (i/2), 

lL\x - yf <ALf |x -y + jix,^) -j{y,0f - 1^ - vf 

JR" 

-1bi(0)(O^I^ - y\^~^ix - y) ■ {j{x,0 -j{y,0) y{dO + Ci{l + L)\x - yf. 
Therefore, by Lemma 13.21 


7 < 


A\x-y\ ® [ 

JR' 


\x - y + j{x,0 -jiy,0\^ - \x-yf 


-'^Biio)iOd\x - yf ^{x-y) ■ {j{x,0-j{y,C))]y{dC) + Ci{i + -) 


< AMi + Ci(l + —) < + 00 , 

1j 


(3.12) 


where Mi is defined in (13.11) . It is now obvious from (13.121) that, if 7 > AMi + Ci, we can find 
a sufficiently large L such that we have a contradiction. Therefore, we have u G C'*^’^(]R"'). □ 
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Let us consider another important fully nonlinear integro-PDE appearing in the study of 
stochastic optimal control and stochastic differential games for processes with jumps, namely 
the Bellman-Isaacs equation (II. 6 p . Equation (II. 6 p is not of the same form as (II.ip , which means 
that the following theorem is not a corollary of Theorem 13.11 


Theorem 3.2. Suppose that Ca/s > 7 in M” uniformly in a & (3 & B. Suppose that the 

Levy measure // satisfies mi, and the family {jajiixA)} satisfies assumption (H 2 ) uniformly 
in a G A, ft £ B. Suppose moreover that there exist a positive constant C and 0 < 6 < 1 such 
that 


and 


sup max{|o-„/ 3 ( 0 )|, |6a/3(0)|} < C, 
aeA, 0 &B 


sup max{[cjQ,/3]o,l;R>i, [?)a^]o,l;R "5 [Ca/ 3 ]0,6I,R", [/a^]o,0,R"} < +00. 
a&A,peB 


(3.13) 

(3.14) 


Then, if u G BUC{MT) is a viscosity solution of 11.61) and ■j > Ni where 


Ni : = sup sup 

x^y a&A,P&B 


|(9|x - y\ “^Tr {aapix) - crapiy)){crap{x) - (Japiy))^ 


+9\x -y\ [ bap{y) - ha 0 {x) ] ■{x-y) + \x- 


yr [ 

Jr, 


\x -y + jafsixA) -jayiy,0\^ 


-x-y - 


yf - '^BiiO){ 0 &\x - yf “^{x -y) ■ (ja^ixA) - japiyA)) < +00, (3.15) 


we have u G C'°’®(M"'). 

Proof. At the beginning of the proof, we will show that the constant A^i has an upper bound. 
By (I3.14|) and the estimates in (13.5p . we have 


Ni<e sup [cra/3]o,l;Rn + 0 sup [6a/3]o,l;R- + 2^ ^6 pUf Kdf) 

cx.G.^,j3^I3 J ( 0 ) 

+ [ piifpidf) + 0 [ p{C)p{dC) < + 00 , 

4R"\Sij(0) ./Si(0)\Ba^(0) 

where di was chosen in Lemma 13.21 

Then we want to prove that, for any 7 > 0, we have $(x,y) = u{x) — u{y) — ijj{x,y) < 0 
for all x,y G M” and some hxed sufficiently large L where ^/’(a;, y) is given in Theorem 13.11 
Otherwise, there exists a positive constant 70 such that sup^- j^gjin $(x,?/) > 0 if 0 < 7 < 770 - By 
boundedness of u, there is a point {x,y) such that ^{x,y) = sup^j j^gi^n ^{x,y) > 0. Therefore, 
we have (13.6p . By Remark 13.11 since u G BUC{W^) is a viscosity solution of (|1.6I) . for any 
0 < (5 < 1 and eg > 0, there are X,Y G §” satisfying (13.71) such that 

sup inf { - Tr(cTa/ 3 (x)a^f^(x}X) - Is^^^p + bap{x) ■ Dxif{x,y) -|- Cap{S:)u{x) + fapix)} < 0, 
a&AP^^ 

“ 'dPr{aap{y)(Tap{y)Y) - ly^ap “ bap{y) ' Dyf;{x,y) + Capiy)u{y) + fapiy)} > 0, 

aeA 


lx,aP = d^’^lx,Dx'i/’(x,y), Ip(■,]})] + I^’^lx,D,rP’(x,y),u(-)j, 
k,a0 = Iap[y,-Dy'ip{x,y),-ip{x,-)\ + ffp[y,-Dyip{x,y),u{-)]. 
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where 








Since (j3.3l) and (13.61) hold, and Cap > 7 in M” uniformly in a G /3 G .S, we have 

lL\x-y\^ < sup {Lap + (3.16) 

aeA,l3&B '' J 

where 

Lap = Tr(aapix)ali^{x)X - cr„^(y)o-^^(y)y^ + (bapiv) - bap(x)^ ■ LD^(j){x,y) 

+ {cap{y) - Cap{x)^u{y) + fap{y) “ fap{x) - 2ybap{x) ■ X, 

and 

L^ap ^x,aP ^y,aP- 

By (13.71) . (I3.13P and (I3.14p . we see that (see also Example 3.6 in [TT| i 
Tr(^aapix)al^{x)X - aap{y)(j1p{y)Y'^ 

< {I + eo)eL\x - y\^~‘^Tr {aap{x) - aap{y)){(Tap{,x) - aap{y))^ + 2yTr[aap{x)a^p{x)) 

< (1 + eQ)dL\x - y\^~‘^Tr {aap[x) - (Tap{y)){cFap{x) - (Japiy))^ 

+2t]{C + sup [o-q,/ 3 ]o, 1 ;R-|x|)^. 
aeAjSeB 

Thus, we can estimate the local term Lap easily. Using (|3.3p . (I3.13p . (|3.14l) and boundedness of 
u, we obtain 

Lap < {1 + eo)eL\x - yf~'^Tr [aap{x) - (7ap{y)){(^ap(.x) -(Tap{y))^ 

+2y{C + sup [aap\o,i-;sx\x\f + OL\x-yf~‘^(bap{y)-bap{x)) -{x-y) 
a&A,P&B ^ ^ 

+ sup [Ca/ 3 ]o, 0 ;R-|n|o;R"|® - + SUp [fap\ofi-^Ax - y\^ 

a&A~p&B a&A~P&B 

+2ri{C\x\+ sup [6a/3]o,l;R"|®P)- (3.17) 

a&A,P&B 

Similarly as in the proof of Theorem 13.11 we have r/|xp ^ 0 as ?/ —)■ 0 and 

ei <\x -y\ < 

where ei is a positive constant independent of y. Letting 6 ^ 0, rj ^ 0 and cq —)• 0 in (I3.16p . we 
have, by (|3.17l) and the same estimates on the nonlocal term Nap as Theorem 13.11 


lL\x-yf< sup L\e\x - yf “^Tr (aapix) - aapiy)){crapix) - aap{y))^ 
aeA,p&B '' L 


+e\x-y\ [bapiy] -bap{x)) ■ {x -y) + \x - y + jap{x,C) - jap{y,0\ 
^ ^ JR'I L 

- ^BrpS){i)^\x - y\^~‘^{x - y) ■ {jap{x,i) -jap{y,0) Kdo] 

+ sup [c„y3]o,0;Rn|n|o;R-|f - y|® + sup [fap]o,e-,KAx-yf- 
aeA,peB a&A,peB 
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Therefore 


7< sup \0\x-y\ “^Tr {(jafiix) - aap{y)){(Tafi{x) - aafi{y)y 
aeA,i3eB ^ L 


+e\x -y\ [ bayiy) -bap{x)) ■ {x-y) + \x- 


r^/ 


\x - y + jayix,^) - jay{y,0\^ 


\x - yf - iBi{o)iO^\x - y\^ ‘^{x - y) ■ [jap{x,€) - jap{y,€)) yidO] 


+ — sup [c„y3]o,6l;K’^|w|o;M" + y SUp [/o/3]o,0;If 


a&A,0£B 


L 


aeA,yeB 


<Ni + Y sup [cQ^]o,e;R"|w|o;K" + y sup [/a/3]o,0;I 
aeA,/3eB Xj aeA,peB 


(3.18) 


where Ni is defined in (13.151) . It now follows from (I3.18P that, if 7 > A^i, we can find a sufficiently 
large L such that we have a contradiction. Therefore, we have u € C'*^’®(]R"'). □ 


4 Semiconcavity 

In this section we investigate the semiconcavity of viscosity solutions of (jl.ll) and (HSI). Again 
we start with equation dni). We impose the following conditions on G and j(a;,^). 

{HI) If ip £ there are a constant 1 < 0 < 2, a non-negative constant A and two 

positive constants such that, for any x,y,z £ M”, lx, ly, Iz £ M, A, T, Z £ S” and L, y > 0, 

we have 

L Z 

2G{z, (p{z), --T» 20 (x, y, z), —, G) 

-G{x, ip{x), LDx(t){x, y, z) + 2yx, X, G) - G{y, (p{y),LDy4>{x, y, z),Y, ly) 

< -y{ip{x) + p){y) - 2lp{z)) + A{lx + ly- 2G) -h ^ 3(1 -h T)(/>(a;, y, z) + G^r]{l + |a;|^), (4.1) 


if 


/A 0 0 \ 

0 y 0 

\ 0 0 -z/ 


L 

(j){x,y,z) 


0{2e-l)\x 


y\ 


29-2 


(I 0 0\ 

+27/ 0 0 0 , (4.2) 

\0 0 0 / 


where 7 is given by (II.3p and 4>{x, y, z) = {\x — + \x + y — 2zp) 2 . 

{H2) {H2) holds and, with the same 6 in {HI) and for any x,y & M”, we have 


\j{x,^) + j{y,0 - 2 j(^^^,^)| < \x-yfp{^) for ( £ M". 

Example 4.1. Since the assumption (HI) is complicated, we provide a concrete example to 
show when it is satisfied. We consider the nonlinear convex nonlocal equation 


— Tr{a{x)a^ {x)D‘^u{x)') + F{I[x, 77 ]) + b{x) ■ Du{x) + c{x)u{x) + f{x) = 0, in M"", (4.3) 
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where F : M —)• M is a continuous function. Suppose the following conditions are satisfied: there 
exists a non-negative constant A such that, for any lx,ly G K, 

c>jinR^andcG 

f is 6-semiconvex in M" and max{ [cr] o, 1 ;R", [/]o,i,R"} < +oo, 

F is convex in M"' and F{ly) — F{lx) < J^{lx — ly)- (4-4) 

By the estimates on the local terms in Theorem 14.2L if equation does not contain the 

nonlocal term F{I[x,u\), then ( f4.3|) satisfies (HI). Thus, we only need to estimate the nonlocal 
terms. For any Ixfiyfiz, we have, by (fOp, 

2F{Q - F{lx) - F{ly) < 2F{h) - 2F(^^) + (2F(^^) - F{lx) - F{ly)) 

< h.{lx + ly — “^Iz)- 

Therefore, equation m satisfies (HI). 

This example can he generalized to equation 

G{x,u, Du, D'^u) + F{I[x,u]) = 0, in M"", (4.5) 

where G satisfies SIP without the last argument if f G (7*^4 Q^d i f4.2l) holds, and F satisfies 
<f4.4|) . It is obvious that (HI) holds for equation /f4.5|) . 

Lemma 4.1. Suppose that the nonlinearity G in SIP is continuous and satisfies SIP-SIP- 
Letu,v,w be bounded functions and be respectively a viscosity subsolution, a viscosity subsolution 
and a viscosity supersolution of 

G{x,u, Du, D'^u, I[x,u]) = 0, inMF, 

G{x,v,Dv,D‘^v,I[x,v]) = 0, in M”, 
G{x,w,Dw,D‘^w,I[x,w])= 0, inMF. 

Let G and {x, y, z) G M” x M" x M” he such that 


{x, y, z) u{x) + v{y) - 2w{z) - fi{x, y, z) 


has a global maximum at {x,y,z). Furthermore, assume that in a neighborhood of {x,y,z) there 
are continuous functions go,gi : g 2 : M"" —)■ S" with gi{x, y, z) > 0, satisfying 


/ I -I 0\ ( ^ ^ "2/\ (g2{x) 0 0\ 

D‘^'ip{x,y,z) < go{x,y,z) [-11 0 +gi{x,y,z) I I -21 + 0 0 0 

\ 0 0 0/ \-2I -21 41 J \ 0 0 0/ 


Then, for any 0 < (^ < 1 and cq > 0, there are X,Y, Z G S” satisfying 


/X 0 0 \ 

0 y 0 

\ 0 0 -z / 


(92{x) 0 0 \ 
0 00 
\ 0 0 0 / 


< (1+eo) 


9o{x,y,z) 


-/ I 0 +gi{x,y,z) 

\ 0 0 o/ 



such that 


G{x, u{x), Dxfi{x, y, z),X, I^'^[x, Dxfi{x, y, z),fi{-,y, z)] + Dxfi{x, y, z), n(-)]) < 0, 

G{y, v{y),Dyfi{x, y, z), Y, I^’^[y, Dyfi{x, y, z),fi{x, ■, z)] + l‘^’^[y, Dyfi{x, y, i), n(-)]) < 0, 


..^ Dzif{x,y,z) Oi , r2,<5ri Dzfi{x,y,z) 


G{z, w{z), --D^fi{x, y, z), —,I^’^[z, - 
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Proof. This lemma can be deduced from the proof of Theorem 4.9 in [El- 
Remark 4.1. Lemma [4.11 is also true for Bellman-Isaacs equations 11.61) . 


□ 


Lemma 4.2. Suppose that a Levy measure p. satisfies <11.21) and j{x,ff) satisfies assumption 
(H2). Then 

M 2 : = sup \(l){x,y,z)~^ I (l){x + j{x,I,),y + j{y,f), z + j{z,C)) - (l){x,y, z) 

-'^Bi{o)iO[D,,(j){x,y,z),Dy(f{x,y,z),Dz(j){x,y,z)^ ■ (jix,f,)J{y,^),j{z,f,)^ hidO] 

< + 00 , 

(4.6) 

where (l){x,y,z) is defined in (HI). 

Proof. By direct calculations, we have 


D(j){x,y,z) = 


4>ix,y,z) 


e\x - y\ 


29-2 


x-y 
y-x I + 



x + y - 2z \ 
x-Iy -2z 
—2x — 2y-\-4:zJ 


(4.7) 


and 


L>V(x, y, z) = - zD4>{x, y, z) (g) D(j){x, y, z) + —-r 

4>{x,y,z) 4>{x,y,z) 


\x - y\ 


29-2 


I -I O' 
-I I 0 
0 0 0 


+e{29 - 2)\x - y\ 


20-4 


X-y 
y-x 
0 



x-y 


I I -21 
y- X \ + \ I I -21 


< 


4>{x,y,z) 


I -I 0 


9i26-l)\x-y\ 


29-2 


0 0 0 



-21-21 AI 
I I -21' 


-/ / 0 + / I -21 


-21-21 AI 


(4.8) 


Since lim^^o Pif.) = 0) there exists a positive constant <52 < 1 such that sup^g^^^j-g) p{^) < \. By 
(|4.7I) and (j4.8h . we have, for any x,y,z £ M” and 0(x, y, z) / 0, 

(t>{x-,y-,z)~^ / (t){x + j{x,ff),y + j{y,f,),z + j{z,i)) - (t){x,y,z) 

-'^Bi(o){i){Dx(t>{x,y,z),Dy(t){x,y,z),D^(j){x,y,z)^ ■ {j{x,Cj,j{y,Cj,j{z,f)^ p{di) 

<(t){x,y,z)~^[ [ \ sup (jix,f,),j{y,f,),j{z,f,))D^(p{x + tj{x,f,),y + tj{y,f,),z + tj{z,f,)) 

Jbs^{0) ^ ^ 

(j(a;,0ij(y>0ij(^>0) p{di) 


+ 




x-y + j{x, 0 - jiy, + \x + y-2z+ j{x, 0 + j{y, 0 - 2j(^, OP 


2 \ 2 


(Six - yl‘^‘~'^{x - y) ■ (j{x,() -j{y,()) +(x + y-2z)- (j(x,i) + Jiv.O - V(x,())) f‘«)} 
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< (j)ix,y,z) 


-u 


1 


sup 


Bs^io) '-o<t<i (l^ix + tj{x,C),y + tj{y,C),z + tj{z,C)) 

2 


i{x,0+j{y,0 - ‘2j{z,oy 


+B{ 2 e - l)\x - y + t{j{x,^) - j{y,^))y^ ^{j{x,^) - j{y, 


y{di) 


+ 


L 




x-y + j{x, 0 - jiy, + \x + y- 2 z+ j{x, () + j{y, 0 - 2 j{z, OP 


2 \ 2 


(()|i - - y) - (i{x,i) - i(y,Q) +(x + y-2z)- + ifa.O “ V{x,())) 

By {H2), we have 

|j(^,0+i(y,0 - 2i(^,0l < +i(2/,0 - 2i(^)| + |2j(^,0 - 2i(^,0l 

<p{ 0 {\x-yf + \x + y- 2 z\). 

Using it, we obtain, for any ^ G B 5 ^{ 0 ) and t G [0,1], 

4 i{x + tj{x, 0 , 2 / + tj{y, ^),z + j{z, 0 ) 

\x-y + t{j{x, 0 - j{y, 0) + \x + y- 2 z + t{j{x, 0 + Jiy, 0 - 2j(^, 0) P 


> 

> 




(y^\x-yy^ + Qx + y-2z\--\x-yf) 


\2e 


, X — y\^*^ +—\x + y — 2z\‘^\' 

i' 16^' ' 32' " ' / 


> ^ 4 >{x,y,z). 


Therefore, for any x,y,z G M"" and 4>{x, y, z) / 0, we have by (II.2p . 

4>ix,y,z)~^ / 4>{x + j{x,C),y + j{y, 0 ,^ + - 4>{x,y,z) 

JR'* 

-'^Bi{o)iO[D^4>{x,y,z),Dy4>{x,y,z),D^4>{x,y,z)^ ■ (^j{x,C),j{y,^),j{z,0) p{dC) 


< 2 


[ [2 + (|)2^'-¥(20-l)jp(OVrfO+ [ 

JBs^O) L 4 J 


BUO) 


+ ( 0 '+o) 


/Bi( 0 )ns|^( 0 ) 


p{i)y{di) < +00. 


+ p(0)^ + /5(0 -^}pid0 

(4.9) 


□ 


Theorem 4.1. Suppose that the nonlinearity G in /II. 11) is continuous, and satisfies /ll.2l) - /fl.4|) 
and (HI). Suppose that j{x,^) satisfies assumption (H2). Then, if u G is a viscosity 

solution of / II.1|] and 7 > AM 2 + C 3 where M 2 is defined in / f4.6l] . then u is 6 -semiconcave in 


Proof. Let 4)(x, y, z) = u(x) + u(y) — 2u(z) — ip(x, y, z) where ip(x, y, z) = L4>{x, y, z) + rj\x\^ and 
(f{x,y,z) is defined in (HI). We want to prove, for any rj > 0, we have ^{x,y,z) < 0 for all 
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x,y,z G M” and some fixed sufficiently large L. Otherwise, there exists a positive constant r]Q 
such that sup,j, y .jeR" y, ^) > 0 if 0 < t/ < t/q- By boundedness of u, there is a point (x, y, z) 
such that = sup^, $(x, y, z) > 0 . Therefore, we have 

max{?y|xp, L(j){x, y, z)} < u{x) + u{y) — 2 u{z). ( 4 - 10 ) 


By ( 14.711 and ( 14 . 81 ) . we have 


D‘^i}{x,y,z) < 


L 

(t){x,y,z) 


e{2e-i)\x 


y\ 


20-2 



/ 1 

I 

- 2 I\- 

I 

I 

-2/ 

V-2/ 

-21 

4 / )\ 


/I 0 0 \ 

+2y 0 0 0 

\0 0 0 / 


By Lemma im since u G BUC{W^) is a viscosity solution of (|l.ip . for any 0 < <5 < 1 and cq > 0 , 
there are X,Y, Z G S”' satisfying 


/X 0 0 \ 

0 y 0 

\ 0 0 -z/ 



(1 + eo)L 
4 >{x,y,z) 


e{ 2 e-l)\x-y\ 


20-2 



{ I 

I - 2 I\ 


+ 


I -21 



[-21 

-21 4 / i 




( 4 . 11 ) 


such that 

G{x, u{x),LD^ 4 >{x, y, z) + 2 r]x, X, k) < 0 , 
G{y, u{y), LDy(t){x, y, z),Y, ly) < 0 , 

L Z 

G{z, u{z),--D^ 4 >{x, y, z), —, h) > 0 , 

where 


Is; = LD^(j){x, y, z) + 2r]x, L4>{-,y, z) + y\ ■ p] + l'^’^[x, LD^(j){x, y, z) + 2r]x, «(•)], 

k = LDy(l){x, y, z), L(p{x, •, z)] + /^’^[y, LDy(j){x, y, z),u{-)], 

h = -^Dzcl){x, y, z),-^(p{x, y, •)] + l‘^’^[z, -^L>20(x, y, i), «(•)]■ 

Therefore, by (771) and (j4.10p . we have 

^L(p{x, y, z) < A{k + ly- 2 /i) + 03(1 + L) 4 >{x, y, z) + C4r/(1 + |xp). ( 4 . 12 ) 

We now estimate the integral term — 21^. 


T 2^2 


= L 


/ 

Jbs{0 ) 


X+ j{,x,C),y,z) -(j){x,y,z) - D^(j){x,y,z) ■ j(x, 


+y [ (\x + jix,^)\‘^ - 1 x 1 “^ - 2 x ■ j{x,^))y{d^) 

JBsio) ^ > 


+L 


+L 


>Bs{ 0 ) 


>Bs{ 0 ) 


x,y + j{y, 0: ^) - 4>{x, y, z) - Dy(j){x, y, z) ■ j{y, 


x,y,z + jiz,^)) - 0 (x,y,i) - D^(p{x,y,z) ■ j(z, n{d^) 
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+ 


L 


B|(0) L 


u{x + j{x,^)) -u{x) + u{y + j{y,^)) - u{y) - 2 {u{z + j{z,^)) - u{z)) 

-'^Biio){^){LDa;cl){x,y, z) + 2 r]x) ■j{x,0 - '^Biio){OLDy(l){x,y, z) ■j{y,0 
-'^Biio){^)LD^(l){x,y,z) ■j{z,() y{d^). 

Thus, by (j4.7p and (I4.8p . we have 

sup 


< L 
+L ^ 
+4L 


1 


Bs(0) '-o<t<i 4>{x + tj{x,C),y,z) 

1 

Bs{0) '- 0 <t<i nx,y + tj{y, 0 ,z 


-l)\x -y + tj{x,C)\'^^ ^ + lj|j(®,OP KdC) 
-l)\x-y- tj{y, + l) KdO 


Bs(0) '-o<t<i 


<t<l <P{X,y, z + tj[z,^)) J JBsiO) 


+ 


iBIiO) 


i{x + j{x,C)) - u{x) + u{y + j{y,C)) - u{y) - 2 {u{z + j{z,^)) - u{z)) 


-'^Bi(o){Ol[Dx4>{x, y, z), Dy(p{x, y, z),D^(j){x, y, z)^ ■ (^jix, C),j{y, C)J{z, O) 

-1bi(0)(O2??^ • KdO- 

Since ^{x,y,z) attains a global maximum at {x,y,z), we have, for any ^ 

u{x + j{x,^)) - u{x) + u{y + j{y,^)) - u{y) - 2 {u{z + j{z,^)) - u{z)) 

< L(t){x + j{x, ^),y + j{y, ^),z + j{z, 0) - Lcpix, y, z) + y\x + j{x, OP - (4.13) 


By (I4.13p . we have 


T 2/_2 


< L 


1 


lBs{0) '-0<t< 


sup -- ^ 

o<t<i (l){x + tj{x,^),y,z) 


(^e{2e-l)\x-y + tj{x,C)\'^^ ^ + l)|j(®,0P KdC) 


+L ^ 
+4L 


1 


BhO) '-0<i< 


sup , 

0<4<1 cptyX^y + tj{y,i),z) 


-l)\x -y - tj{y,i)\^^ ^ + l)|j(y>OI^ ^^{d^) 


1 


sup 




Bs{0) ^ 0 <t<i(i>{x,y,z + tj{z,()) 

+y [ (|x + - 1 bi( 0)(O2 x • 

JR" ^ ^ 

(t){x + j{x, 0, y + j{y, 0 ,z + j(z, 0) - (/>(x, y, z) 


/B|(0) L 


+L 

-^Bi{o){i)[Dx(t){x,y,z),Dy(t){x,y,z),D^(t){x,y,z)'j • [j{x,i),j{y,C),j{z,0'j\y{di). (4.14) 
Similarly as in the proof of Theorem 13.11 we have ri\x\^ ^ 0 as ^ 0 and 

ei < 4>ix,y,z) < 
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where ei is a positive constant independent of r]. Letting —)• 0 and then letting r/ —)• 0 in (14.121) . 
we have, by (|1.2I) . (j4.14l) and {H2), 


1 L (j){x,y,z) < AL / (j){x + jix,C),y + + jiz,^)) - (j){x,y,z) 

-'^Bi{o)iO[D^(j){x,y,z),Dy(j){x,y,z),Dz(j){x,y,z)^ ■ KdO 

+( 73(1 + L)(p{x,y,z). 

Therefore, by Lemma 14.21 

'y < A4>{x,y,z)~^ / (p{x + j{x,^),y + j{y,C), z + j{z,^)) - (p{x,y, z) 

-'^Bi{o)iO{Dx4>ix,y,z),Dy(j){x,y,z),D^(j){x,y,z)] ■ (j{x,^),j{y,^),j{z,m +(^0 


+( 73(1 + —) 


1 


< AM2 + (73(1 + —) < +00, 
Jj 


(4.15) 


where M 2 is defined in (j4.6p . This yields a contradiction, if 7 > AM 2 + ( 73 , for sufficiently large 
L. Therefore, u is 0-semiconcave in M”. □ 


Let us consider the semiconcavity of viscosity solutions of the Bellman equation (11.511 . The 
following estimates will be frequently used in the proof of the semiconcavity. 

Lemma 4.3. (a) If f is 6-semiconvex with constant (7 in M” and [/]o,1;R'‘ < +00, then 

- f{x) - f{y) < C\x - yf + [/]o, 1 ;R"|x + y- 2z\. 

Moreover, if < +00, then 


\f{x) + f{y) - 2f{z)\ < ^[/]i, 0 -_i;Kn|x - yf + [/]o,i;R"|x + y-2z\. 
(b) If f G (70’i(l"), then 

\fix) - fiz)\ < 2 max{|/|o;Rn, [/]o, 1 ;R"} 0 ( 3 :, 2 /,z)T 
where (j){x,y,z) is defined in (HI). 

Proof, (a) Since / is 6 (-semiconvex with constant (7 in and [/]o,1;R" < +00, 


2 f{z) - fix) - fiy) = 2/(^) - fix) - fiy) + (2/(z) - 2/(^)) 

< C\x - yf + [/]o,i;R"|3: + y- 2z\. 

Moreover, if < +00, then / is 0-semiconvex and 0-semiconcave with a constant 

^[/]i 0 _i.Rn in M"'. Thus, the result follows from the above estimate. 

(b) Since g G (7°’^(]R"'), then 


\g{x) - g{z)\ < |g(x) - 9(^)1 + - 9(^)1 

,x — y. 

< [fi'Jo,l;R"|—^—I + 

< 2max{|5|o;R", [5]o,i;R"}</'(a:,y,^;)T 


(2|g|o;R'i[5']o,l;If 


\x + y - 2z\ 


1 

2 


□ 
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Theorem 4.2. Suppose that > j in M"" uniformly in a £ A. There exist a positive constant 
C and 1 < 9 <2 such that /[3.13|) holds and 


sup niax{, [ctq,] } < +00. (4.16) 

a&A 


Suppose that the Levy measure pL satisfies the family {ja(2:,0} satisfies assumption (H2) 

uniformly in a £ A, and Ca £ and {fa} is uniformly 6-semiconvex with constant C^, 

uniformly in a £ A. Then, if u £ is a viscosity solution of HM and 7 > A ^2 where 

N 2 : = sup sup 4>{x, y, z)~‘^ 

<p{x,y,z)^0 (aGA 


+Tr 


-l)|x-y|^® ^Tr {(Jaix) - aa{y)) {(Ta{x) - (Ta{y)y 

(aa(x) + aa(y) - 2aa(z)) ((7a(x) + cr«(y) - 2 aa(z))^ 

+9\x - y\‘^^~‘^{x - y) ■ {ba{y) - ba{x)) + {x + y - 2z) ■ (26„(z) - 6 q,(x) - ba{y)) 
+fi{x,y,z) [ U{x + ja{x,0,y+jaiyA),Z + jaiz,0)-Hx,y,z) 


-li?i(0) (0 [Dxfiix, y, z),Dy(j){x, y, z), D,,(j){x, y,z)j ■ [ja{x, fi),ja{y, i),jc{z, 
< + 00 , 


(4.17) 


then u is 9-semiconcave in M”. 


Proof. At the beginning of the proof, we will show that the constant N 2 has an upper bound. 
By (|4.16p , Lemma 14.31 and the estimates in (14.91) , we have 


N 2 < 9{29 - 1) sup[crQ,]o,i.R„ + (^ sup[cr«]i + sup[cjQ,]o,i;Mn)^ + 6* sup[6«]o,i;]E 
a&A ’ ’ 2 adA ’ ’ a&A a&A 


+ (^ SUp[6„]i + sup[6„]o,i;R") + 2 


2 a&A ’ adA 


+ 


L 


BSn ( 0 ) 


2p{^f-^{29-l)]p{if^a{di) 




(1 + p{i)y + + {d + h [ p{C)h{df,) < + 00 , 

J J 2 7si(o)ns- (0) 


where 62 was chosen in Lemma 14.21 

Then we want to prove that, for any r] > 0, 4>(a;, y, z) = u(x) + u{y) — 2u{z) — fi{x, y,z) < 0 
for all x,y,z £ M"' and some hxed sufficiently large L, where if{x,y,z) is given in Theorem 14.11 
Otherwise, there exists a positive constant tjq such that sup^. ^ .,g]Rn <h(x,y,z) > 0 if 0 < t/ < ryg. 
By boundedness of u, there is a point {x,y,z) such that 4>(x,y, z) = sup^, ^{x,y,z) > 0. 

Therefore, we have (I4.10p . By Remark 14.11 since u £ BUC{M.'^) is a viscosity solution of (jl.5p . 
we have, for any 0 < 5 < 1 and eg > 0, there are X,Y, Z £ satisfying (14.lip such that 


sup { - Tr{aa{x)o-'y{x)X) - l^^a + ba{x) ■ D,,fi{x,y,z) + Ca(x)u(x) + fa(x)} < 0, 
a€A 


sup { - rr(cr„(y)(T^(y)y) - ly^a + ba{y) ■ Dyfi{x,y,z) + Ca{y)u{y) + fa{y)} < 0, 
aeA 

sup { - Tr[aa{z)ay{z)^) - h^a - ba{z) • + Ca{z)u{z) + fa{z)} > 0, 

aGA 2 I 

where 

h,c = I^’^x, Da,fi{x, y, z),ip{-,y, z)] + I'^’^x, D,,fi{x, y, z),u{-)], 
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ly,a = I' [y,Dy'il;{x,y,z),il:{x,-,z)\ +I ' [y,Dy'il;{x,y,z),u{-)\, 

1 D^i;{x,y,z) V'(x,y,-)i , r 2 .Sfz D^'ip{x,y,z) ^ ^ 

^z,a — ^ 1^7 2 ’ 2 ' ^ 2 ’ ^v*/J‘ 

Thus, for any e > 0 , there exists G A such that 


where 


Ca, (x)u(x) + Ca, (y)u(y) - 2 ca, (z)u(z) < + e, 

La, =Tr{aaSx)al^{x)X + aaSy)<Tl^{y)Y - aaSz)al^{z)Z^ 

- (ba, {x) ■ D^'ij;{x, y, z) + ba, (y) ■ Dyilj{x, y, z) + ba, {z) ■ D^iIj{x, y, z)^ 
+‘^fa,iz) - fa,iy) - fa,ix) 


(4.18) 


and 


Xa, — lx,a, T ly,a, ‘2‘lz,a,‘ 

Since Cq G uniformly in a G ^ and u G C''^’^(]R”), using Lemma 14.31 we have 

Ca, [x)u{x) + Ca, {y)u{y) - 2Ca, {z)u{z) 

= Ca, (z) (u(x) + u(y) - 2u(z)) + (ca, (x) + Ca, (y) - 2Ca, (z)}u(z) 

+ {Ca, (x) - Ca, (z)) {u{x) - u{z)) + (ca, (j/) - Ca, (z)) {u{y) - u{z)) 

> 7 ('w(^) +u{y) - 2 u{z)) - |ri|o;K-(^ sup[c«]^ 0 _i.Rn|x - yf + sup[c«]o,i;R"|x + y - 2 z 


aGA 


aeA 

- 8 max{|u|o;M", sup max{|ca|o;M", [c«]o, 1 ;K>^} 0 (x, y, i). 

a&A 

By (13.131) . (|4.11l) and (14.161) . we see that 

Tr (aa, {x)X + aa, {y)Y - aa, {z)a1^ {z)Z^ 

- 1 ) 1 ® - y\^^~‘^Tr {aa,{x) - (JaAy)) (<^aAx) “ (^aAy)Y 


(4.19) 


< 


4>ix,y,z) 


+Tr 


{(XaAx) + (JaAy) - 2aaAz)){aaAx) + (JaAy) - 2aaAz)f | 


+2y{C + sup[cro]o,i;R-|x|)^. 

a&A 

Thus, we can estimate the local term La, easily. By (j3.13p . (j4.7p . (j4.16p . uniform 61-semiconvexity 
of fa with constant C 5 and Lemma 14.31 we have 


La. Y 


(1 + eo)L f - - 


—16'(2(9 -l)\x- yp® ^Tr [(cj„^(x) - aa,{y)) {(Ta,{x) - <Ta,{y)y 


4>ix,y,z) 1 

+Tr 


{cTa, (x) + aa, (y) “ 2 aa, (z)) {aa, (x) + Ga, (y) “ 2,0 a, (^)) ^ | 

(x -y) • {ba,{y) - ba,ix)) 


2 6 L\x - yp® ^ 


+2,Kc + supM„,r|i|) + 

+:r 7 z—r-o;{x + y -2z) ■ {2ba,(z) - ba,{x) - ba,{y)) + 2y(C|x| + sup[6a]o,i;R^|x|^) 
01 ®! 2/1 OGA 


TCsIx - yY + sup[/a]o,i;R"|x + y - 2i|. 
aGA 


(4.20) 
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Similarly as in the proof of Theorem 13. 11 we have —)• 0 as 77 —)• 0 and 

ei < 4>{x,y,z) < 

where ei is a positive constant independent of rj. Letting 5—)-0, r/^O, e^O and eo —)• 0 in 
(I4.18p . we have, by (l4.1Up . (|4.19p . (I4.20p and the same estimates on the nonlocal term Na^ as 
Theorem KT\ 


'fL(j){x,y,z 

< Lsup(j){x,y,z)~^\e{2e - l)|x - y\ 
aeA ^ 

+Tr 


^Tr {aaix) - aa{y)){cra{x) - aa{y))^ 


[aa{x) + (Ja{y) - 2aa{z)) [aa{x) + (Ta{y) - 2aa{,z))^ 

+9\x - - y) ■ {ba{y) - ba{x)) + {x + y - 2z) ■ {2ba{z) - ba{x) - ba{y)) 

+4>{x,y,z) / 4>{x + jaix,C),y + ja{y,0,z + ja{z,0) - Hx,y,z) 

JR" 

-'^Bi{0){O[D^4>{x,y,z),Dy4>{x,y,z),Dz4>{x,y,z)^ ■ 

+C^\x - y\^ + sup[/a]o,i;R"|x + y - 2z| 




+ k|o;I 


n 


sup[cq,]^ 0 _i.r„|x - yY + snp[c«]o,i;R"|x + y - 2z 

^ CfST ’ ’ aST 

+8max{|n|o;R", Mo, 1;R"} sup max{|ca|o;R", [c«]o,1;R"}0(x, y, z). 

a&A 


Therefore, 

7 < sup (j){x,y,z 
aeA 


,-2 


+Tr 


-l)|x-yp® ^Tr {(Ta{x) - aa{y)){craix) - aa{y))^ 
((T„(x) + Uaiy) - 2(T„(i)) (<T„(x) + cr„ (y) - 2cr„(z))^ 


+e\x - yp® ^(x - y) • {ba{y) - ba{x)) + {x + y - 2z) ■ {2ba{z) - ba{x) - ba{y)) 

+4>{x,y,z) / (j){x+jaix,0,y + ja{y,0^^+ja{z,0)-<Pix,y,z) 

JR" 

-'^Bii 0 )iO[D^(j){x,y,z),Dy(j){x,y,z),D^(f){x,y,z)^ ■ (^jaix, 0 Jaiy: 0 Jaiz, 0 ) Kdo] 


+^<iv. + ^, 

L - ^ L ’ 


(4.21) 


where N 2 is defined in (I4.17P and Cq is a positive constant. Hence, if 7 > A^ 2 ) we can find a 
sufficiently large L such that we have a contradiction in (I4.2ip . Therefore, u is 0-semiconcave 
in M". □ 


Acknowledgement. I would like to thank my advisor Prof. Andrzej Switch for suggesting 
the problem and for all the useful discussions and encouragement. 


References 

[ 1 ] G. Barles, E. Chasseigne, A. Ciomaga and C. Imbert, Lipschitz regularity of solutions for 
mixed integro-differential equations, J. Differential Equations 252 (2012), 6012-6060. 


19 


























[2] G. Barles, E. Chasseigne and C. Imbert, Holder continuity of solutions of second-order non¬ 
linear elliptic integro-differential equations, J. Eur. Math. Soc. (JEMS) 13 (2011), 1-26. 

[3] G. Barles and C. Imbert, Second-order elliptic integro-differential equations: Viscosity solu¬ 
tions’ theory revisited, Ann. Inst. H. Poincare Anal. Non Lineaire 25 (2008), no. 3, 567-585. 

[4] A. Bensoussan and J. L. Lions, Impulse control and quasivariational inequalities, Gauthiers- 
Villers, Bordas, Paris, 1984; English version Trans-Inter-Scientia. 

[5] L. A. Gaffarelli and L. Silvestre, Regularity theory for fully nonlinear integro-differential 
equations. Comm. Pure Appl. Math. 62 (2009), no. 5, 597-638. 

[6] L. A. Gaffarelli and L. Silvestre, Regularity results for nonlocal equations by approximation. 
Arch. Ration. Mech. Anal. 200 (2011), no. 1, 59-88. 

[7] L. A. Gaffarelli and L. Silvestre, The Evans-Krylov theorem for nonlocal fully nonlinear 
equations, Ann. of Math. (2) 174 (2011), no. 2, 1163-1187. 

[8] H. Chang Lara and G. Davila, Regularity for solutions of nonlocal parabolic equations. Calc. 
Var. Partial Differential Equations 49 (2014), no. 1-2, 139-172. 

[9] H. Chang Lara and G. Davila, Regularity for solutions of nonlocal parabolic equations II, J. 
Differential Equations 256 (2014), no. 1, 130-156. 

[10] H. Chang Lara and G. Davila, C^^°‘ estimates for concave, nonlocal parabolic equations 
with critial drift, preprint (2014), arXiv: 1408.5149. 

[11] M. G. Crandall, H. Ishii and P. L. Lions, User’s guide to viscosity solutions of second order 
partial differential equations. Bull. Amer. Math. Soc. 27, no. 1 (1992), 1-67. 

[12] E. Feleqi, Generalized semiconcavity of the value function of a jump diffusion optimal control 
problem, preprint, (2013). 

[13] W. H. Fleming and H. M. Soner, Controlled Markov processes and viscosity solutions, Ap¬ 
plications of Mathematics, 25. Springer-Verlag, New York, 1993. 

[14] M. G. Garroni and J. L. Menaldi, Second order elliptic integro-differential problems, volumn 
430 of Chapman &: Hall/CRC Research Notes in Mathematics. Chapman &: Hall/CRC, Boca 
Raton, EL, 2002. 

[15] F. Gimbert and P. L. Lions, Existence and regularity results for solutions of second-order, 
elliptic integro-differential equations, Ricerche Mat. 33 (2) (1984), 315-358. 

[16] H. Ishii, On the equivalence of two notions of weak solutions, viscosity solutions and distri¬ 
bution solutions, Funkcial. Ekvac. 38 (1) (1995), 101-120. 

[17] H. Ishii and P. L. Lions, Viscosity solutions of fully nonlinear second-order elliptic partial 
differential equations, J. Differential Equations 83 (1990), no. 1, 26-78. 

[18] E. R. Jakobsen and K. H. Karlsen, Continuous dependence estimates for viscosity solutions 
of integro-PDEs, J. Differential Equations 212 (2005), no. 2, 278-318. 


20 


[19] E. R. Jakobsen and K. H. Karlsen, A “maximum principle for semicontinuous functions” 
applicable to integro-partial differential equations, NoDEA Nonlinear Differential Equations 
Appl. 13 (2006), no. 2, 137-165. 

[20] T. Jin and J. Xiong, Schauder estimates for nonlocal fully nonlinear equations, preprint 
(2014), arXiv: 1405.0758, 

[21] S. Jing, Regularity properties of viscosity solutions of integro-partial differential equations of 
Hamilton-Jacobi-Bellman type, Stochastic Processes and their Applications 123 (2) (2013), 
300-328. 

[22] D. Kriventsov, (7^’“ interior regularity for nonlinear nonlocal elliptic equations with rough 
kernels, Comm. Partial Differential Equations 38 (2013), no. 12, 2081-2106. 

[23] N. V. Krylov, Controlled diffusion process, Appl. Math., vol. 14, Springer-Verlag, New York, 
Berlin, 1980. 

[24] P.L. Lions, Control of diffusion processes in Comm. Pure Appl. Math. 34 (1981), no. 

1, 121-147. 

[25] P.L. Lions, Optimal control of duffusion processes and Hamilton-Jacobi-Bellman equations. 
HI. Regularity of the optimal cost function, in: Nonlinear Partial Differential Equations and 
Their Applications, College de Erance Seminar, vol. V, Paris, 1981/1982, in: Res. Notes 
Math., vol. 93, Pitman, Boston, MA, 1983, 95-205. 

[26] P. L. Lions and P. E. Souganidis, Viscosity solutions of second-order equations, stochas¬ 
tic control and stochastic differential games, Stochstic differential systems, stochastic con¬ 
trol theory and applications (Minneapolis, Minn., 1986), IMA Vol. Math. Appl., vol. 10, 
Springer, New York, 1988, pp. 293-309. 

[27] R. Mikulyavichyus and G. Pragarauskas, On Holder continuity of solutions of certain 
integro-differential equations, Ann. Acad. Sci. Eenn. Ser. A I Math. 13 (1988), no. 2, 231-238 

[28] R. Mikulyavichyus and G. Pragarauskas, On the uniqueness of a solution to the Bellman 
equation in Sobolev’s elasses, Litovsk. Mat. Sb. 31 (1991), no. 4, 646-664; translation in 
Lithuanian Math. J. 31 (1991), no. 4, 449-464 (1992). 

[29] R. Mikulyavichyus and G. Pragarauskas, On the Cauchy problem for certain integro- 
differential operators in Sobolev and Holder spaces, Liet. Mat. Rink. 32 (1992), no. 2, 
299-331; translation in Lithuanian Math. J. 32 (1992), no. 2, 238-264 (1993). 

[30] R. Mikulyavichyus and G. Pragarauskas, On classical solutions of certain nonlinear integro- 
differential equations. Stochastic processes and optimal control (Eriedrichroda, 1992), 151- 
163, Stochastics Monogr., 7, Gordon and Breach, Montreux, 1993. 

[31] R. Mikulyavichyus and G. Pragarauskas, Classical solutions of boundary value problems for 
some nonlinear integro-differential equations, (Russian) Liet. Mat. Rink. 34 (1994), no. 3, 
347-361; translation in Lithuanian Math. J. 34 (1994), no. 3, 275-287 (1995). 

[32] R. Mikulyavichyus and G. Pragarauskas, Nonlinear potentials of the Cauchy-Dirichlet prob¬ 
lem for the Bellman integro-differential equation, (Russian) Liet. Mat. Rink. 36 (1996), no. 

2, 178-218; translation in Lithuanian Math. J. 36 (1996), no. 2, 142-173 (1997). 


21 


[33] R. Mikulyavichyus and G. Pragarauskas, On Cauchy-Dirchlet problem for linear integro- 
differential equation in weighted Sobolev spaces, Stochastic differential equations: theory 
and applications, 357-374, Interdiscip. Math. Sci., 2, World Sci. Pubh, Hackensack, NJ, 
2007. 

[34] J. Serra, Regularity for fully nonlinear nonlocal parabolic equations with rough kernels, to 
appear in Calc. Var. Partial Differential Equations. 

[35] J. Serra, regularity for concave nonlocal fully nonlinear elliptic equations with rough 

kernels, preprint (2014), arXiv: 1405.0930, 

[36] L. Silvestre, Holder estimates for solutions of integro-differential equations like the fractional 
Laplace, Indiana Univ. Math. J. 55 (3) (2006), 1155-1174. 

[37] J. Yong and X. Zhou, Stochastic Control: Hamiltonian Systems and HJB Equations, 
Springer-Verlag, 1999. 


22 


